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the extensional constraint: tables and mdds
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Tables are one of the oldest
most used CP constraints

MDDs are equivalent to tables
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2016 : New algorithm! Compact-Table [CP2016], based on bitwise
operations, completely outperformed existing algorithms 1



the 3 dimensions of extension
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compact-table
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compact-table: data structures

Table

x1 x2 x3

τ1 a c a
τ2 b b b
τ3 a c b
τ4 c a b
τ5 b c b
τ6 c b c
τ7 a a b
τ8 b b c

τ1 τ2 τ3 τ4 τ5 τ6 τ7 τ8

currTable
1 1 1 1 1 1 1 1
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supports
[x1, a]
[x1, b]
[x1, c]

1 0 1 0 0 0 1 0
0 1 0 0 1 0 0 1
0 0 0 1 0 1 0 0

[x2, a]
[x2, b]
[x2, c]

0 0 0 1 0 0 1 0
0 1 0 0 0 1 0 1
1 0 1 0 1 0 0 0

[x3, a]
[x3, b]
[x3, c]

1 0 0 0 0 0 0 0
0 1 1 1 1 0 1 0
0 0 0 0 0 1 0 1
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compact-table: data structures

Table

x1 x2 x3

τ1 a c a
τ2 b b b
τ3 a c b
τ4 c a b
τ5 b c b
τ6 c b c
τ7 a a b
τ8 b b c

τ1 τ2 τ3 τ4 τ5 τ6 τ7 τ8

currTable
1 1 1 1 1 1 1 1

Re
ve

rs
ib
le

Sp
ar
se

Bi
ts
et

Pr
ec

om
pu

te
d
Bi
ts
et
s

supports
[x1, a]
[x1, b]
[x1, c]

1 0 1 0 0 0 1 0
0 1 0 0 1 0 0 1
0 0 0 1 0 1 0 0

[x2, a]
[x2, b]
[x2, c]

0 0 0 1 0 0 1 0
0 1 0 0 0 1 0 1
1 0 1 0 1 0 0 0

[x3, a]
[x3, b]
[x3, c]

1 0 0 0 0 0 0 0
0 1 1 1 1 0 1 0
0 0 0 0 0 1 0 1
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ct: update

Goal of the update

Remove invalid tuples from currTable

Classical update

∆
x

supports[x,b]
supports[x,d]
supports[x,f]

0 0 0 1
1 0 0 0
0 1 0 0

∼ ∪ =

mask 0 0 1 0
∩

old currTable 1 1 1 0
=

new currTable 0 0 1 0

Reset update

do
m
(x
) supports[x,a]

supports[x,c]
supports[x,e]

1 0 0 0
0 1 0 0
0 0 0 1

∪ =

mask 1 1 0 1
∩

old currTable 1 0 1 0
=

new currTable 1 0 0 0
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compact-table: which update to choose?

∙ Classical update :

O(|∆x|)

∙ Reset update :

O(|dom(x)|)

Goal of the update

Remove invalid tuples from currTable

Algorithm: Update(x)
1 foreach variable x ∈ scp where |∆x| > 0 do
2 if |∆x| < |dom(x)| then
3 ClassicalUpdate(x);

4 else
5 ResetUpdate(x);
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ct: propagation
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Goal of the propagation

Remove unsupported values

Algorithm: Propagate()
1 foreach variable x ∈ scp do
2 foreach value a ∈ dom(x) do
3 if currTable & supports[x, a] = 0

then
4 dom(x)← dom(x) \ {a} ;
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1st dimension: from ground tables to smart tables
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basic smart table

A Basic Smart Table

x y z

τ1 ∗ ∗ ∈ {a, b}
τ2 ̸= a c ≤ a
τ3 b ∗ ∗
τ4 ≥ c ̸= b a

...
...

...

contains unary Smart Elements

single value: e

universal value: ∗

exclusion: ̸= e

upper bound: ≤ c

lower bound: ≥ c

set: ∈ {a, c, d}

representing multiples values

�Aa , �Ab , �Ac , �Ad , e , ��CCf

a , b , c , d , e , f

a , b , c , d , �Ae , f

a , b , c , �Ad , �Ae , ��CCf

�Aa , �Ab , c , d , e , f

a , �Ab , c , d , �Ae , ��CCf
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ct∗: ct with modified classical update

∆
x

∗
↓

supports∗[x,b]
supports∗[x,d]
supports∗[x,f]

0 0 0 1
0 0 0 0
0 1 0 0

∼ ∪ =

mask 1 0 1 0
∩

old currTable 1 1 1 0
=

new currTable 1 0 1 0

Goal of the update

Remove invalid tuples from currTable

Algorithm: ClassicalUpdate(x)
1 mask← 0 ;
2 foreach value a ∈ ∆x do
3 mask← mask | supports∗[x, a] ;

4 mask← ∼ mask ;
5 currTable← currTable & mask ;
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ct∗: benchmarking

(1)
(2)

(3)

(4)

Complexity of CT∗:
same as CT (O(rd t

w ))

(1) CT∗ best 90% of the
time
(2) CT requires < 2×
time on 80%
(3) ShortSTR2 needs
> 2× time
(4) ShortSTR2 needs
> 7× time on 50%

600 instances, 20 variables, domain size from 5 to 7, 40 random tables by instances, arity of 6 or 7, tightness
[0.5%;2%], 1, 5, 10 or 20 % of short tuples
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ct∗: already handling ̸= v

|dom(x)| == 0

|dom(x)| == 1

|dom(x)| > 1

Trivial!
Handled by variable x

|∆x| ≥ |dom(x)| always true!
ResetUpdate(x) used
and already working!

If |∆x| < |dom(x)|

Tuple always valid!
At least one valid value
supports∗[x][τ ] = 0

If |∆x| ≥ |dom(x)|

ResetUpdate(x) used
and already working!
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addition of ≤ v and ≥ v

≤ d
↓

≤ b
↓

≥ e
↓

≥ b
↓

∼mask 1 1 1 1
∩

supportsMin[x, c︸︷︷︸
x.min

] 1 0 1 1
∩

supportsMax[x, d︸︷︷︸
x.max

] 1 1 0 1
=

new mask 1 0 0 1
∩

old currTable 0 0 1 1
=

new currTable 0 0 0 1

Goal of the update

Remove invalid tuples from currTable

Algorithm: ClassicalUpdate(x)
1 mask← 0 ;
2 foreach value a ∈ ∆x do
3 if a ∈ [dom(x).min; dom(x).max] then
4 mask← mask | supports∗[x, a] ;

5 mask← ∼ mask ;
6 mask← mask &

supportsMin[x, dom(x).min] ;
7 mask← mask &

supportsMax[x, dom(x).max] ;
8 currTable← currTable & mask ;
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addition of ∈ s: ct with reset update only

|dom(x)| sets structured sets

1 {a} 1 ∗ 1
2 {a}, {b}, {a, b} 3 a, b, ∗ 3

3 {a}, {b}, {c}, {a, b}, 7 a, b, c, ̸= a, 7
{a, c}, {b, c}, {a, b, c} ̸= b, ̸= c, ∗

4
{a}, {b}, . . . , {a, b}, {a,c} ,

15
a, b, c, d,

11{a,d} , {b,c} , {b,d} , {c, d}, ≤ b,≥ c, ̸= a,
{a, b, c}, . . . , {a, b, c, d} ̸= b, ̸= c, ̸= d, ∗

5

{a}, {b}, . . . , {a, b}, {a,c} , {a,d} , {a,e} ,

31

a, b, c, d, e

15{b,c} , {b,d} , {b,e} , {c,d} , {c,e} , ≤ b,≤ c,≥ c,
{a, b, c}, {a,b,d} , {a,b,e} , {a,c,d} , ≥ d, ̸= a, ̸= b,

{a,c,e} , . . . , {a, b, c, d}, . . . , {a, b, c, d, e} ̸= c, ̸= d, ̸= e, ∗

14



ctbs: ct with modified update

Algorithm: Update(x)
1 foreach variable x ∈ scpno ∈S do
2 if |∆x| < |dom(x)| then
3 ClassicalUpdate(x);
4 else
5 ResetUpdate(x);

6 foreach variable x ∈ scpwith ∈S do
7 ResetUpdate(x);

Algorithm: ClassicalUpdate(x)
1 mask← 0 ;
2 foreach value a ∈ ∆x do
3 if a ∈ [dom(x).min; dom(x).max] then
4 mask← mask | supports∗[x, a] ;

5 mask← ∼ mask ;
6 mask← mask & supportsMin[x, dom(x).min] ;
7 mask← mask & supportsMax[x, dom(x).max] ;
8 currTable← currTable & mask ;

∙ supports[x,v]: supports value v
∙ supports∗[x,v]: supports only value v
∙ supportsMin[x,v]: supports at least one value ≥ v
∙ supportsMax[x,v]: supports at least one value ≤ v

15



ctbs: benchmarking

(1)
(1)

(2)
(3)

Complexity of CTbs:
same as CT (O(rd t

w ))

(1) CTbs best on 40 + 30%
(2) CT needs < 2× for
88%
(3) Overhead due to Set
only

XCSP3 instances with only tables, transformed into basic smart table with at least 10% compression (1) with only
≤ v and ≥ v, (2) with ≤ v and ≥ v + post processing to add ∗ and ̸= v, (3) with elements treated as simple sets

16



full smart table

A Full Smart Table

x y z

τ1 ≤ z− b ∗ ∈ {a, b}
τ2 ̸= a c ≤ a
τ3 b = x + a ∗
τ4 ≥ c ̸= b a
τ5 ≥ y + a ̸= z− c ∗

...
...

...

unary Smart Elements

single value: e

universal value: ∗

exclusion: ̸= e

upper bound: ≤ c

lower bound: ≥ c

set: ∈ {a, c, d}

binary Smart Elements

value: = x + v

exclusion: ̸= x + v

upper bound: ≤ x + v

lower bound: ≥ x + v

17



full smart table

τ1 = (1, ∗,= x2, ∗) τ2 = (0, ∗,= x2,= x3)

Removal of value 1 from dom(x2)

no impact on x1
τ1 doesn’t allow x3 = 1

no impact on x4

no impact on x1
τ2 doesn’t allow x3 = 1
τ2 doesn’t allow x4 = 1

Removal of value 1 from dom(x1)

τ1 becomes unvalid
1 should be removed from dom(x4) since

not supported by τ2

Conflict with uniform aproach for similar smart elements
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ctbs applied to smart tables

x y z

∗ = x + v v
≤ y + v ≥ z + v ∗
= y + v ≤ x + v ∗

=

x y z aux(x,y) aux(x,z) aux(y,z)

∗ ∗ v −v ∗ ∗
∗ ∗ ∗ ∗ ≤ v ≥ v
∗ ∗ ∗ = v ∗ ∗

+

aux(x,y) = x − y
aux(x,z) = x − z
aux(y,z) = y− z

Smart Table

Basic Smart Table Auxillary constraints
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2nd dimension: from positive to negative tables

CT

CTneg CT∗neg
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ctneg: same data structures as ct with different meanings

Table

x1 x2 x3

τ1 a c a
τ2 b b b
τ3 a c b
τ4 c a b
τ5 b c b
τ6 c b c
τ7 a a b
τ8 b b c

τ1 τ2 τ3 τ4 τ5 τ6 τ7 τ8

currTable
1 1 1 1 1 1 1 1

Re
ve

rs
ib
le

Sp
ar
se

Bi
ts
et

Pr
ec

om
pu

te
d
Bi
ts
et
s

supports
[x1, a]
[x1, b]
[x1, c]

1 0 1 0 0 0 1 0
0 1 0 0 1 0 0 1
0 0 0 1 0 1 0 0

[x2, a]
[x2, b]
[x2, c]

0 0 0 1 0 0 1 0
0 1 0 0 0 1 0 1
1 0 1 0 1 0 0 0

[x3, a]
[x3, b]
[x3, c]

1 0 0 0 0 0 0 0
0 1 1 1 1 0 1 0
0 0 0 0 0 1 0 1

Negative

dangerous

Hypothesis
No duplicate!
No overlap!
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ctneg: ct with modified propagation
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1 1 1 0

∩
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[x
,a
]

0 0 1 1

=
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ec
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n

0 0 1 0

⇓
bitCount = 1 ̸=
|dom(y)|︸ ︷︷ ︸

=2

× |dom(z)|︸ ︷︷ ︸
=1⇓

a ∈ dom(x)

cu
rr

Ta
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e

1 1 1 0

∩

su
pp

or
ts

[x
,b
]

1 1 0 0

=

in
te
rs
ec

tio
n

1 1 0 0

⇓
bitCount = 2 =
|dom(y)|︸ ︷︷ ︸

=2

× |dom(z)|︸ ︷︷ ︸
=1⇓

dom(x)\{b}

Goal of the propagation

Remove unsupported values

Algorithm: Propagate()
1 foreach variable x ∈ scp do
2 T←

∏
y∈scp:y̸=x |dom(y)| ;

3 foreach value a ∈ dom(x) do
4 S← currTable & supports[x, a];
5 if bitCount(S) == T then
6 dom(x)← dom(x) \ {a} ;
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ct∗neg: ct∗ with modified propagation

(_, ∗, _) (_, _, ∗)
cu
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1 1 0 1
∩

su
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ts

[x
,b
]

0 0 0 1
=

in
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0 0 0 1

we
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s

2 1
⇓

bitCount = 1 ̸=
|dom(y)|︸ ︷︷ ︸

=2

× |dom(z)|︸ ︷︷ ︸
=1⇓

a ∈ dom(x)

(_, ∗, _) (_, _, ∗)

cu
rr
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e

1 1 0 1
∩
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ts

[x
,b
]

1 0 1 0
=
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1 0 0 0
we

ig
ht
s

2 1
⇓

bitCount = 2 =
|dom(y)|︸ ︷︷ ︸

=2

× |dom(z)|︸ ︷︷ ︸
=1⇓

dom(x)\{b}

Goal of the propagation

Remove unsupported values

Algorithm: Propagate()
1 foreach variable x ∈ scp do
2 T←

∏
y∈scp:y̸=x |dom(y)| ;

3 foreach value a ∈ dom(x) do
4 S← currTable & supports[x, a];
5 if weightedBitCount(S) == T

then
6 dom(x)← dom(x) \ {a} ;
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ctneg and ct∗neg: benchmarking

(1)
(2) (3)

Complexity of CTneg:
CT’s complexity ×
complexity of bitcount
(O(rd t

w k))
Complexity of CT∗neg:
CTneg’s complexity, us-
ing t′ the # of tuples with
dummy ones (O(rd t′

w k))

(1) STRNe best 85%
(2) CTneg requiers max
1.4×
(3) CTneg requiers max
1.6×

600 instances (with high number of solution), 20 variables, domain size from 5 to 7, 40 random tables by
instances, arity of 6 or 7, tightness [0.5%;2%], 1, 5, 10 or 20 % of short tuples 24



ctneg and ct∗neg: benchmarking

(1)
(2)

(3)

Complexity of CTneg:
CT’s complexity ×
complexity of bitcount
(O(rd t

w k))
Complexity of CT∗neg:
CTneg’s complexity, us-
ing t′ the # of tuples with
dummy ones (O(rd t′

w k))
(1) CTneg best 85% of the
time
(2) < 1.8× for CT∗neg
(3) STRNe requiers >

2.5× on 40% of in-
stances

45 instances (with low number of solutions), 10 variables, domain size of 5, 40 random tables by instances, arity
of 6, tightness 10,... 90%, no short tuples 25



ctneg and ct∗neg: benchmarking

(1)

(2) (3)

Complexity of CTneg:
CT’s complexity ×
complexity of bitcount
(O(rd t

w k))
Complexity of CT∗neg:
CTneg’s complexity, us-
ing t′ the # of tuples with
dummy ones (O(rd t′

w k))

(1) CT∗neg best 90% of the
time
(2) > 6× for 50%
(3) > 11× for 50%

100 instances (with low number of solutions), 3 variables, domain size of 100, 40 random tables by instances,
arity of 3, tightness [0.5;2%], 5, 10 or 20 % of short tuples
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3rd dimension: from tables to graphs

CT
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mdd, smdd and mvd

MDD sMDD MVD

x1

x2

x3

x4

x5

ROOT

A B

C D E

F G IH

J K L

END

x1

x2

x3

x4

x5

ROOT

A B

CD E

F G H

I J

END

x1

x2

x3

x4

x5

ROOT

A B

EC FD

G H I

J K

END

in-nd & out-nd in-nd & out-d in-d & out-nd
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data structure

x1

x2

x3

x4

x5

ROOT

A B

DC E

F G H

I J

END

e1 e2 e3 e4

Name Set Bit-set

currArcs[x4] {e1, e2, e3, e4} [ 1 1 1 1 ]

supports[x4,0] {e1,��ZZe2 ,��ZZe3 , e4} [ 1 0 0 1 ]

arcsT[G,x4] {��ZZe1 , e2, e3,��ZZe4} [ 0 1 1 0 ]

arcsH[x4,I] {e1, e2,��ZZe3 ,��ZZe4} [ 1 1 0 0 ]
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compact-diagram: update

Goal of the update

Remove invalid edges from currArcs

Algorithm: Update(x)
1 foreach variable x ∈ scp do
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compact-diagram: filtering
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compact-diagram: filtering
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cd: benchmarking

(1)

(2)

(3)

Complexity of CD:
similar to CT
(O(max(n, d)r a

w ))

(1) CD gives best re-
sults, sMDDs better than
MDDs
(2) MDD4R only best on
12%
(3) MDD4R requires >

2× on 35%

XCSP3 instances with only tables, transformed into sMDD or MDD instances only
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cd: benchmarking

(1)

(2)

Complexity of CD:
similar to CT
(O(max(n, d)r a

w ))

(1) CT still best 95%
(2) Reduction of the gap:
CDs requires < 2× for
60%, CDp requires < 2×
for 50%, while MDD4R
requires < 2× for 5%

XCSP3 instances with only tables, transformed into sMDD or MDD instances only
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basic smart diagrams

Domains
x0 : {0, 1, 2}
x1 : {0, 1, 2, 3, 4, 5}
x2 : {0, 1, 2}
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update from compact-tablebs for bs-table

Algorithm: Direct removal part of the update
if layer without ∈ then

if |∆(x)| < |dom(x)| then
Incremental update (=, ̸=, ∗);
Lower bound update (≤);
Upper bound update (≥);

else
Reset update (=, ̸=, ∗, ≤, ≥, ∈);

else
Reset update (=, ̸=, ∗, ≤, ≥, ∈);
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edge reordering

word 0 word 1 word 2
w0 w1 w2 w3 w4 w5 w6 w7 w8 w9 - -
= ≤ ≥ ∈ ̸= > ̸∈ < ̸= ∗

⇓

word 0 word 1 word 2 word 3
w0 w4 w8 w9 w3 w6 - - w1 w7 - - w2 w5 - -
= ̸= ̸= ∗ ∈ ̸∈ ≤ < ≥ >
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update by categories

word 0 word 1 word 2 word 3
w0 w4 w8 w9 w3 w6 - - w1 w7 - - w2 w5 - -
= ̸= ̸= ∗ ∈ ̸∈ ≤ < ≥ >

Incremental or
Reset update
(depending if

|∆(x)| < |dom(x)|)

Reset update Lower bound
update

Upper bound
update
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cdbs: benchmarking
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CDbs on βbsmdd

CD on βmdd

CDbs on βbsmvd

(1)

(2)

(1) CDbs on bs-MDDs (fewer
arcs) best 80% of the time

(2) CDbs on bs-MVDs (more
nodes) worst

XCSP3 instances with only tables, transformed into MDD and bs-MDD instances only
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cdbs: benchmarking
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(3)

(1) CT and CTbs still dominating
(2) CDbs becomes efficient

when compression is high
(3) gap reduced

XCSP3 instances with only tables, transformed into bs-table, MDD and bs-MDD instances only
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conclusion
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perspectives

∙ Increasing non-determinism in diagrams
∙ Closing the gap between diagrams and tables propagators
∙ Direct use of compressed tables and non-deterministic diagrams in applications
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