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Motivations

Greedy methods:

✔ easy construction

✗ hard to impose additional constraints

✗ potentially unnecessarily complex tree
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Motivations

• Mining optimal decision trees from itemset lattices, Nijssen, S., Fromont, E., 2007

• Minimising decision tree size as combinatorial optimisation, Bessiere, C., Hebrard, E.,

O’Sullivan, B., 2009

• Optimal constraint-based decision tree induction from itemset lattices,Nijssen, S.,

Fromont, É., 2010

• Optimal classification trees, Bertsimas, D., Dunn, J., 2017

• Learning optimal decision trees with sat, Narodytska, N., Ignatiev, A., Pereira, F.,

Marques-Silva, J., RAS, I., 2018

• Learning optimal and fair decision trees for non-discriminative decision-making, Aghaei, S.,

Azizi, M.J., Vayanos, P., 2019

• Learning optimal classification trees using a binary linear program formulation, Verwer, S.,

Zhang, Y., 2019
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Model - Unbalanced Tree
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Model - AllDifferentExcept0
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Model - Coversize
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Model - Coversize
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Model - Other constraints and auxilliary variables

• constraints imposing minimum at leaf

c+[i ] + c−[i ] ≥ Nmin

• constraints avoiding useless decisions
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Model - Objective

m
ax

d
ep
th

yes

no

d[0] min
∑

i∈leaf min{c+[i ], c−[i ]}

d[1] d[2]

d[3] d[4] d[5] d[6]

dom(d [i ]) = {0, 1, ..., n} dom(c[i ]) = {0, ...,N}
9



Model - Objective

m
ax

d
ep
th

yes

no

d[0] e[0] min
∑

i∈leaf min{c+[i ], c−[i ]}

d[1] e[1] d[2] e[2]

d[3] e[3] d[4] e[4] d[5] e[5] d[6] e[6]

c±[7]

e[7]

c±[8]

e[8]

c±[9]

e[9]

c±[10]

e[10]

c±[11]

e[11]

c±[12]

e[12]

c±[13]

e[13]

c±[14]

e[14]

dom(d [i ]) = {0, 1, ..., n} dom(c[i ]) = {0, ...,N} dom(e[i ]) = {0, ...,N}
9



Model - Objective

m
ax

d
ep
th

yes

no

d[0] e[0] min e[0]

d[1] e[1] d[2] e[2]

d[3] e[3] d[4] e[4] d[5] e[5] d[6] e[6]

c±[7]

e[7]

c±[8]

e[8]

c±[9]

e[9]

c±[10]

e[10]

c±[11]

e[11]

c±[12]

e[12]

c±[13]

e[13]

c±[14]

e[14]

dom(d [i ]) = {0, 1, ..., n} dom(c[i ]) = {0, ...,N} dom(e[i ]) = {0, ...,N}
9



Search



AND/OR search tree

V = {v1, v2, ...vm}
C = {c1, c2, ..., cn}

V ′ = {v2, ...vm}
C ′ ⊆ C

V ′ = {v2, ...vm}
C ′ ⊆ C

v1 = a v1 = b . . .

V1 ⊆ V ′

C1 ⊆ C ′
V2 ⊆ V ′

C2 ⊆ C ′
V1 ⊆ V ′

C1 ⊆ C ′
V2 ⊆ V ′

C2 ⊆ C ′

partition partition

OR nodes

SOL = SOL1 or SOL2 or . . .

AND nodes

SOL = SOL1 and SOL2 and . . .

10



AND/OR search tree

V = {v1, v2, ...vm}
C = {c1, c2, ..., cn}

V ′ = {v2, ...vm}
C ′ ⊆ C

V ′ = {v2, ...vm}
C ′ ⊆ C

v1 = a v1 = b . . .

V1 ⊆ V ′

C1 ⊆ C ′
V2 ⊆ V ′

C2 ⊆ C ′
V1 ⊆ V ′

C1 ⊆ C ′
V2 ⊆ V ′

C2 ⊆ C ′

partition partition

OR nodes

SOL = SOL1 or SOL2 or . . .

AND nodes

SOL = SOL1 and SOL2 and . . .

10



AND/OR search tree

V = {v1, v2, ...vm}
C = {c1, c2, ..., cn}

V ′ = {v2, ...vm}
C ′ ⊆ C

V ′ = {v2, ...vm}
C ′ ⊆ C

v1 = a v1 = b . . .

V1 ⊆ V ′

C1 ⊆ C ′
V2 ⊆ V ′

C2 ⊆ C ′
V1 ⊆ V ′

C1 ⊆ C ′
V2 ⊆ V ′

C2 ⊆ C ′

partition partition

OR nodes

SOL = SOL1 or SOL2 or . . .

AND nodes

SOL = SOL1 and SOL2 and . . .

10



AND/OR search tree

fi

fj1 fk1

fi

fj2 fk2

fi

fj1 fk2

fi

fj2 fk1

fi

fj1 fk1

min e[0]

11



AND/OR search tree

fi

fj1 fk1

fi

fj2 fk2

fi

fj1 fk2

fi

fj2 fk1

fi

fj1 fk1

min e[0]

11



AND/OR search tree

fi

fj1 fk1

fi

fj2 fk2

fi

fj1 fk2

fi

fj2 fk1

fi

fj1 fk1

min e[0]

11



AND/OR search tree

fi

fj1 fk1

fi

fj2 fk2

fi

fj1 fk2

fi

fj2 fk1

fi

fj1 fk1

min e[0]

min e[1] + e[2]

11



AND/OR search tree

fi

fj1 fk1

fi

fj2 fk2

fi

fj1 fk2

fi

fj2 fk1

fi

fj1 fk1

min e[0]

min e[1] + min e[2]

11



Minimisation on AND/OR trees

yes

no

f4 bsf=20

f1 f2

f2 f6 f9 f7

12



Minimisation on AND/OR trees

yes

no

f5 bsf=20

f6 ?e=10

f1 f3 ? ?

12



Minimisation on AND/OR trees

yes

no

f5 bsf=20

f9 ?e=15

f8 f7 ? ?

12



Minimisation on AND/OR trees

yes

no

f5 bsf=20

? ?bsf=20

? ? ? ?

12



Minimisation on AND/OR trees

yes

no

f5 bsf=20

f6 ?bsf=10

f1 f7 ? ?

12



Minimisation on AND/OR trees

yes

no

f5 bsf=20

f6 ?bsf=10 bsf=20-10

f1 f7 ? ?

12



Caching

fi

fj

fj

fi

fj

fi

yes no hash

fjfi fi , fj−

fi fj fi − fj

13



Caching

fi

fj

fj

fi

fj

fi

yes no hash

fjfi fi , fj−

fi fj fi − fj

13



Results



Experiments

Nmin = 1 Nmin = 5

DL8 BinOCT CP DL8 CP CP-c CP-m

Proven optimality 49(61%) 13(16%) 68(85%) 54(67%) 65(81%) 63(79%) 59(74%)

Best solution found 49(61%) 21(26%) 80(100%) 54(67%) 79(99%) 77(96%) 72(90%)

Fastest 17(21%) 1(1%) 63(79%) 26(32%) 52(65%) 36(45%) 27(34%)

Time out 31(39%) 67(84%) 12(15%) 25(31%) 15(19%) 17(21%) 21(26%)

23 instances, depths from 2 to 5, 10 min TO

DL8: Dynamic programming approach using frequent itemsets mining

BinOCT: MIP-based approach running on CPLEX
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Conclusion and Perspectives

To summarize

• efficient method

• cp based

• exploits the structure of the problem

• anytime best solution

To go further

• multi-class decision trees

• continuous features through binarization

• other sum-based cost functions

• ...
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And since...
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DL8.5 with DP and Data Mining (AAAI 2020)
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MaxSat and integration in AdaBoost (IJCAI 2020)
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MurTree with Dynamic Programming (JMLR 2022)
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DT-Slim with SAT and local encoding (JAIR 2024)
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And many more...
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Thank you for listening!

Any questions?

https://hverhaeghe.bitbucket.io/
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